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ABSTRACT: An intramolecular distribution function for lattice chains, accounting for the long range
excluded volume, has been derived employing an Ornstein-Zernike-like integral equation approach,
initially investigated for off-lattice chains by Curro, Blatz, and Pings. The intramolecular distributions,
obtained for 16-, 30-, and 60-mers, are compared to theoretical results for the freely jointed chain model
and to Monte Carlo simulation data. The new single chain intramolecular distribution function accurately
matches the Monte Carlo data whereas the ideal chain structure factor overestimates the short-range
intramolecular correlations. Upon increasing density the simulated intramolecular distributions gradually
evolve toward the ideal chain results although the latter are never actually reached. The intermolecular
distributions for athermal and interacting 30-mers at several densities have been calculated by combining
the investigated intramolecular distribution functions with the lattice-PRISM theory. Furthermore, the
equation of state for athermal 20- and 30-mers and the liquid-vapor spinodal for 16-mers have been
investigated. It is found that the ideal chain distribution function results in unphysical thermodynamic
behavior, reflected in the equation of state as well as in the liquid-vapor spinodal. The predicted
intermolecular distribution is quite reasonable, considering the simplicity of the ideal chain model. The
combination lattice-PRISM/excluded volume intramolecular distribution function offers at least quali-
tatively correct results both for the thermodynamic properties and intermolecular correlations. abstract

1. Introduction

The interest in the thermodynamic behavior of poly-
mers runs almost in parallel with the advent of polymer
science. Already in the 1940s, Flory1 and Huggins2

independently formulated the, by now, classic Flory-
Huggins (FH) expression for the free enthalpy of mixing
and revealed the importance of the chain like structure
for the phase behavior of polymer solutions. It was
realized from the start that the FH theory was a rather
crude approximation for real liquids since it is based
on the lattice model.3 For instance, it is known that
packing effects typical of the dense fluid state are not
captured by the lattice model. However, these packing
effects have been incorporated quite early in, e.g., cell4

and hole theories5,6 or, more recently, by combining the
FH expression with insights gained from off-lattice
theories for monatomics or simple molecules.7 Never-
theless, the simple lattice model for polymers was
further refined and elaborated for, e.g., compressible
lattice fluids8 and systems involving specific interac-
tions.9,10

Nowadays, many different macromolecular architec-
tures have been synthesized, and in addition to simple
linear homopolymers, well-defined branched, comb, and
star polymers, block copolymers, etc. are available.
These more complex materials require a more detailed
description of the thermodynamic behavior in relation
to their particular molecular structure. Unfortunately,
such details in molecular architecture are not easily

incorporated in a FH-like theory. An important ad-
vancement in lattice theories is the lattice cluster theory
(LCT) designed by Freed and co-workers.11-15 The LCT
not only provided systematic improvements to the
primitive FH result for linear chains but also made it
feasible to study the influence of more complicated
molecular structures on the thermodynamic behavior.
The LCT has been successfully applied to investigate
the influence of monomer structure in, e.g., mixtures of
polystyrene/poly(vinyl methyl ether)16 and mixtures of
linear and short chain branched polymers.17 Despite the
developments facilitated by the LCT the major draw-
back of the lattice model is not alleviated.

Another line of approach, relying on the integral
equation theory of monatomic and simple molecular
fluids, was investigated by Curro, Schweizer, and
collaborators.18-21 Integral equation theories were ini-
tially developed for simple monatomic fluids to study
the microscopic structure of dense fluids employing
correlation functions. The thermodynamic properties
can be derived from the correlation functions employing
exact statistical mechanical relationships.22,23 Unfortu-
nately, and this is a major drawback of all integral
equation theories, these calculations are plagued with
so called thermodynamic inconsistencies which are
related to the necessary approximations involved in the
calculation of the theoretical correlations.24-30

These liquid state theories, employing correlation
functions, were extended to simple molecular fluids in
the reference interaction site model (RISM) theory by
Chandler and co-workers.31 The RISM theory makes it
feasible to predict the intermolecular correlations among
segments or interaction sites on different molecules from
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information of the intramolecular distributions, which
are set by the molecular architecture. For simple (rigid)
molecules the intramolecular distribution is known in
advance and the RISM theory is quite successful in
describing the subtle packing effects in dense liquids
induced by the intramolecular structure. It should be
noted that, in contrast with the integral equation theory
for simple monatomic, the RISM calculations are not
as accurate at low densities;24,25,32 e.g., it has been
shown that the RISM theory does not yield the correct
ideal gas limiting behavior.33

The application of the RISM theory to flexible chain
molecules (polymer-RISM or PRISM) was initiated by
Curro and Schweizer to study the microscopic structure
of polymer single components and mixtures.18-21 For
flexible macromolecules, the intramolecular structure
is not a priori known and it must be expected to depend
on the intermolecular correlations which in turn are
determined by the intramolecular distribution. Hence,
a complicated interdependence between inter- and in-
tramolecular correlations exists, and in principle, both
must be calculated self-consistently.34-40 The first at-
tempts to establish this self-consistency have been
published only recently and are still a matter for further
investigation.34-40

In the initial applications of the PRISM theory, a
more simple approach was taken by assuming that the
intramolecular structure was a priori given.18-21 In
certain instances this additional approximation turns
out to be quite reasonable. In particular in the dense
melt it is known from the ideality hypothesis of Flory3,41

that the intramolecular distribution is successfully
described by an ideal chain model. Typical for the ideal
chain model is that the average squared end-to-end
distance 〈r2〉 depends on the chain length s according to
〈r2〉 ∼ (s - 1)1. However, at low densities the screening
of inter- and intramolecular interactions becomes less
efficient and the intramolecular distribution evolves to
that of a self-avoiding walk.42 In this case the average
squared end-to-end distance scales with the chain length
according to 〈r2〉 ∼ (s - 1)1.2. Furthermore, deviations
from ideal chain statistics must be expected and are
known to exist in polymer mixtures.43,44

Nevertheless, the PRISM theory has been quite
successful in predicting the intermolecular correlations
starting from the intramolecular distribution. Several
intramolecular distribution functions, derived from dif-
ferent ideal chain models and incorporating varying
chemical details such as the Gaussian chain,18-21,45 the
freely jointed chain,18-21,45 and the nonreversal random
walk,18-21,45 have been investigated. Most of these
applications involved rather dense fluids, and the cor-
relations are mainly governed by segmental packing
effects which are equally active in simple molecular and
monatomic fluids. In these circumstances the additional
subtleties related to the chain connectivity are not that
easily appreciated and, in order to study these effects,
lower densities should be investigated. Unfortunately
at lower densities, irrespective of the ideality assump-
tion necessary for chainlike molecules, it is known that
the PRISM approach becomes less accurate.24,25,32,33

In order to make a systematic study of these chain
connectivity effects possible, previous research in our
laboratory applied the (P)RISM theory to the lattice
model.22 At first sight this approach might seem coun-
terintuitive or even counterproductive. Integral theories
were precisely developed to study the intricacies of the

continuum that are not captured by the lattice model.
However, a few practical advantages of the lattice model
immediately become obvious. First, the actual calcula-
tion of lattice correlation functions is significantly easier
than the calculation of the off-lattice correlations.22,46

Second, molecular simulation techniques, in particular
Monte Carlo simulations, are also much easier and more
efficient on-lattice than off-lattice.18-22,46 It is well-
known that molecular simulations provide essentially
exact information for the investigated model.42 Hence,
the more efficient lattice simulations can provide more
information and make a more extensive comparison
amenable.

Apart from these practical advantages, more funda-
mental reasons can be thought of as well. As already
mentioned in a previous paragraph, the overwhelming
off-lattice packing effects, which are very similar for
monatomic, simple fluids and polymeric fluids, are
absent on the lattice. This makes a more detailed study
of chain connectivity effects feasible, even at high
densities where the PRISM theory is expected to be at
its best.

Furthermore, it has already been shown that the
effects of theoretical approximations can be studied
equally well on the lattice. For instance, the peculiarities
of the Percus-Yevick (PY) theory for the sticky sphere47,48

model of Baxter are also found on the lattice.22 There-
fore, it may be expected that the effects of chain
connectivity, operating on length scales larger than the
lattice spacing, will be equally present on the lattice as
in off-lattice models.

As mentioned previously, most applications of PRISM
theory involved ideal chain structure factors. All these
models fail to incorporate the long range correlations
resulting from the excluded volume present in chain
molecules.18-21 As a result these intramolecular distri-
bution functions include unphysical overlaps of chain
segments.18-21 It is known that these intramolecular
overlaps especially have a profound influence on the
thermodynamic properties of the polymer fluid.18-21 This
has been shown on several occasions, both off-lattice18-21

and on-lattice.22 To correct for this overlap it was
suggested to correct the intramolecular distribution
function ad hoc but to keep at the same time the overall
ideal chain behavior.18-22

In the present work we assume, in line with previous
work on the PRISM theory, the intramolecular distribu-
tion as a priori given and investigate a single chain
intramolecular distribution function which accounts for
the excluded volume. The present development, invok-
ing a finite difference integral equation for the isolated
chain, was previously investigated by Curro, Blatz, and
Pings for an athermal off-lattice polymer chain.49 This
new intramolecular distribution function is then injected
in the PRISM theory and the influence on the intermo-
lecular correlations and the thermodynamic properties
is examined at both high and low densities. In the
second paragraph the lattice PRISM theory and several
frequently used intramolecular distribution functions
are discussed. In addition the new excluded volume
intramolecular distribution function is introduced and
finally the routes to the thermodynamic properties
discussed in this work are presented. The theoretical
results are compared to Monte Carlo simulation results
and evaluated in section 4. The simulation algorithms
have been presented previously.50 Hence, only the most
important aspects are summarized in section 3. Finally,
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in the concluding section the main results are recapitu-
lated and related consequences are summarized.

2. Theory
2.1. The Molecular Model. Consider N linear s-mers

each of which occupies s consecutive sites on a cubic
lattice of NL sites, each of volume v*. The overall fraction
of filled lattice sites or the segmental packing fraction,
y, is given by

Noncovalently bonded polymer segments i and j are
assigned a nearest neighbor interaction potential, uij-
(l,m,n) ) u(l,m,n)

The covalent bonds between consecutive segments i and
i + 1 can be represented by the following pair potential,
wii+1(l,m,n) ) w(l,m,n)

where â ) 1/(kBT), δ is the Kronecker delta function,
and the position of the second segment relative to the
first one is given by the lattice indices (l,m,n); each index
can attain the values 0, (1, (2, ....

2.2. Lattice PRISM Theory. A successful theoretical
route to the intermolecular correlations in simple atomic
fluids is given by the Ornstein-Zernike integral equa-
tion. The OZ integral equation was generalized by
Chandler and co-workers to molecular fluids with a
given intramolecular structure. Here we only consider
homogeneous systems for which all correlation functions
are translationally invariant and, hence, are only func-
tions of the relative distance between segments. If the
total intermolecular pair correlation function, hij(l,m,n),
between the pair of segments i and j is considered to
propagate in a sequential manner by direct intermo-
lecular correlation cij(l,m,n) and intramolecular distri-
bution ωij

intr(l,m,n), the Fourier transform of the gener-
alized Ornstein-Zernike matrix equation on a cubic
lattice can be written as18-21,31,51

where the circumflex denotes Fourier transformation
and (kl,km,kn) are the Fourier variables conjugate to
(l,m,n); Ĥ(kl,km,kn), Ĉ(kl,km,kn), and Ω̂(kl,km,kn) are s ×
s matrices with elements ĥij(kl,km,kn), ĉij(kl,km,kn), and
ω̂ij

intr(kl,km,kn), respectively (the lattice Fourier trans-
form is defined in Appendix A by eq A12). For instance,
the s × s matrix Ĥ(kl,km,kn) is given by

The direct correlation function and intramolecular
distribution are given by similar matrices Ĉ(kl,km,kn)
and Ω̂(kl,km,kn).

For linear s-mers this matrix equation, eq 4, becomes
virtually impossible to handle. Fortunately, as shown
by Curro and Schweizer,52 eq 4 can be simplified
substantially if one realizes that for sufficiently long
chain molecules ∑jĥij(kl,km,kn), ∑jĉij(kl,km,kn), and ∑j

ω̂ij
intr(kl,km,kn) are virtually independent of i.52 Hence,

ĥ(kl,km,kn) ) (1/s2)∑i∑jĥij(kl,km,kn) and ĉ(kl,km,kn) ) (1/
s2)∑j∑iĉij(kl,km,kn) are site index independent and the
matrix equation can be reduced to a single algebraic
equation for the intermolecular correlations

where the average intramolecular two-segment distri-
bution function ω̂intr(kl,km,kn) is defined as

In order to solve the equation, eq 6, for the intermo-
lecular segmental correlations given ω̂ we need another
relation between h(l,m,n) and c(l,m,n). Only approxi-
mate relations such as the PY and MSA closures are
available. The closure used here is the MSA approxima-
tion given by53

For athermal conditions, the PY and MSA approxima-
tions are identical. In both of the closures, the condition
on the intermolecular pair correlation h(0,0,0) is exact
whereas the conditions for the direct correlations are
approximate. It is known from the study of monatomic
particles that the PY closure is less suited to obtain the
thermodynamic properties of interacting systems.22,47,48

Henceforth, for systems involving attractive nearest
neighbor interaction energies we only consider the MSA
closure.

In addition to the closure relation an expression for
the intramolecular distribution function is required. The
choices for ω̂intr(kl,km,kn) employed in this investigation
will be discussed in the next subsections. Combining eqs
6 and 8 and an expression for the intramolecular
distribution, eq 7, the intermolecular correlations of the
lattice fluid can be calculated.

2.3. Intramolecular Distribution of the Freely
Jointed Chain Model. For a chain molecule in its own
melt, we may resort to the ideality hypothesis put
forward by Flory. It is well accepted that due to the
screening of inter- and intramolecular interactions the
inter- and intramolecular correlations of a chain mol-
ecule in its own melt are effectively similar to those of
an ideal chain. Flory’s idea has been proven fundamen-
tally correct by neutron scattering experiments on
labeled chains54,55 and by computer simulations.56,57

Invoking the ideality assumption the intramolecular
distribution function can be calculated independently
and the results serve as input in the integral equation.
Several ideal chain models with varying chemical

y ) sN/NL (1)

u(l,m,n) ) {∞, l2 + m2 + n2 ) 0
uattr, l2 + m2 + n2 ) 1
0, otherwise

(2)

w(l,m,n) f +∞, l2 + m2 + n2 * 1 (3a)

w(l,m,n) ) 0, l2 + m2 + n2 ) 1 (3b)

Ĥ(kl,km,kn) ) Ω̂(kl,km,kn)Ĉ(kl,km,kn) ×

[Ω̂(kl,km,kn) + y
s
Ĥ(kl,km,kn)] (4)

ĥ(kl,km,kn) ) ω̂intr(kl,km,kn)ĉ(kl,km,kn) ×
[ω̂intr(kl,km,kn) + yĥ(kl,km,kn)] (6)

ω̂intr(kl,km,kn) )
1

s
∑
i)1

s

∑
j)1

s

ω̂ij
intr(kl,km,kn) (7)

h(0,0,0) ) -1 (8a)

c(l,m,n) ) {-âuattr, l2 + m2 + n2 ) 1
0, otherwise

(8b)
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details have been tested, e.g., the Gaussian chain,18-21

the freely jointed chain,18-21 the rotational isomeric
state model,18-21 etc. The freely jointed chain has been
used in previous studies22 and will serve here as a
reference. It must be pointed out that the ideality
hypothesis will be particularly useful in the dense state.
However, at lower densities the screening between
inter- and intramolecular interaction is no longer com-
plete, and the intramolecular distribution will tend to
that of a self-avoiding walk.

The intramolecular distribution of the ideal chain
model can be described solely in terms of the 1-bond-
jump probability τ(l,m,n), on the cubic lattice, given by

In the case of the freely jointed chain model the
summation in eq 7 can be performed explicitly and the
intramolecular distribution function can be shown to be
given by20-22

where τ̂ ) τ̂(kl,km,kn) ) φ/3 and φ ) [cos(kl) + cos(km) +
cos(kn)].

The intramolecular distribution function given in eq
10 can be used as the input for eq 6 of the PRISM
theory. It is analogous to its continuum version,18,58 and
the derivation is given elsewhere.22,59

In the freely jointed chain model unphysical intramo-
lecular overlaps are possible. Thus, some thermody-
namic properties of athermal and interacting polymers
obtained from this kind of ideal chain model are
expected to be inadequate or unphysical. In order to
investigate the influence of the intramolecular distribu-
tion function on the thermodynamic properties, an
alternative single chain molecule model, accounting for
the intramolecular short and long range excluded
volumes is investigated.

2.4. Intramolecular Distribution of Excluded
Volume Theory. For the off-lattice single chain in
vacuum the excluded volume was discussed by Curro,
Blatz, and Pings (CBP) starting from the distribution
function for the chain ends.49 Employing a diagram-
matic analysis, similar to that leading to the OZ
equation of a simple fluid, a (N - 1)th-order integro-
differential equation for the end point distribution
function was derived. Here we extend this method to
the cubic lattice and in addition calculate the intramo-
lecular distribution function. Just as in conventional
liquid state theory of simple fluids, this integro-dif-
ferential equation can only be solved provided an
additional closure relation is introduced. Following CBP,
the analogue of the PY closure is adopted. A detailed
description of the theoretical considerations is given in
Appendix A.

Here we summarize the results applicable to an
athermal chain with intramolecular segmental interac-
tions given by eqs 2 and 3 at uattr ) 0. In particular,
the Fourier transform of the intramolecular two-

segment distribution function ω̂ij
intr(kl,km,kn) of a chain

consisting of s segments is given by49

The functions t̂ij(kl,km,kn) can be obtained from the
recurrent formula

Thus, to calculate the terms ω̂ij
intr(kl,km,kn), the corre-

sponding t̂ij(kl,km,kn) are required. These can be calcu-
lated in sequence starting from t̂ij(kl,km,kn) ) t̂12-
(kl,km,kn). The functions tij(0,0,0) appearing in eq 11a
are obtained from t̂ij(kl,km,kn) by inverse Fourier trans-
formation (eq 11b). For short s-mers (s e 6), the required
factors t̂ij(kl,km,kn) and corresponding segmental in-
tramolecular distributions ω̂ij

intr(kl,km,kn) are summa-
rized in Table 1. Further explicit summation according
to eq 7 leads to the average two-segment intramolecular
distribution function ω̂excl

intr(kl,km,kn) that can be written
as a polynomial in the variable (2φ)

the coefficients ci
s for short s-mers (s e 6) are given in

Table 2.
The intramolecular distribution function eq 13 can be

used as input to the PRISM integral theory. In the
derivation of eqs 11 and 12 an approximation analogous
to the Percus-Yevick approximation has been used. For
continuum fluids, it has been shown that the calculated
average end-to-end distance for athermal chains is
larger than the exact value. For example, the exact and
calculated values of the mean-square end-to-end dis-

τ(l,m,n) ) {1
6
, l2 + m2 + n2 ) 1

0, otherwise
(9)

ω̂id
intr(kl,km,kn) )

1 - τ̂2 - 2
s
τ̂ + 2

s
τ̂s+1

(1 - τ̂)2
(10)

Table 1. Segmental Intramolecular Distribution
ω̂ij

intr(kl,km,kn) and the tij’s for s-mers, s e 6

i,j t̂ij(kl,km,kn) t̂ij(0,0,0)] tij(0,0,0)] ω̂ij
intr(kl,km,kn)

1,2 2φ 6 0 φ/3
1,3 (2φ)2 36 6 ((2φ)2 - 6)/30
1,4 (2φ)3 - 24φ 144 0 ((2φ)3 - 12(2φ))/144
1,5 (2φ)4 - 18(2φ)2 +

36
684 18 ((2φ)4 - 18(2φ)2 +

18)/666
1,6 (2φ)5 - 24(2φ)3 +

72(2φ)
3024 0 ((2φ)5 - 24(2φ)3 +

72(2φ))/3024

Table 2. Coefficients for the Average Intramolecular
Segmental Distribution Function for s-mers, s e 6

s c0
s c1

s c2
s c3

s c4
s c5

s

2 1 1/6
3 13/15 2/9 2/90
4 4/5 5/24 1/30 1/288
5 2139/2775 1/5 243/8325 1/180 1/1665
6 3753/4995 5508/27216 396/14985 117/27216 1/999 1/9072

ω̂ij
intr(kl,km,kn) )

t̂ij(kl,km,kn) - tij(0,0,0)

t̂ij(0,0,0) - tij(0,0,0)
(11a)

tij(l,m,n) ) ( 1
2π)3∫-π

π ∫-π

π ∫-π

π
t̂ij(kl,km,kn) cos(lkl) ×

cos(mkm) cos(nkn) dkl dkm dkn (11b)

t̂12(kl,km,kn) ) 2φ (12a)

t̂ij(kl,km,kn) ) 2φ[t̂ij-1(kl,km,kn) - ti+1j(0,0,0) -

tij-1(0,0,0)] - ∑
k)3

s-2

t1k(0,0,0)[t̂ks(kl,km,kn) -

tks(0,0,0)] (12b)

ω̂excl
intr(kl,km,kn) ) ∑

i)0

s-1

ci
s(2φ)i (13)
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tances for off-lattice athermal 4-mers are 〈r14
2〉 ) 4.31lb

2

and 〈r14
2〉 ) 4.5lb

2, respectively.49 However, despite this
discrepancy that increases with increasing chain length,
the local distribution around each segment is well
captured by eq 13. We believe that this is the reason
for the success of eq 13 (see section 4).

2.5. Thermodynamic Properties. Once the correla-
tion functions are known, the thermodynamic properties
can be calculated from exact statistical mechanical
relations. The isothermal compressibility which is de-
fined as

can be found from the zero wave vector limit of the
structure factor Ŝ(0,0,0), and it can be related to the
correlations in the fluid18-22 via

Equation 15 can be rewritten in terms of the total two-
segment distribution function G(l,m,n) according to

with yG(l,m,n) ) ωintr(l,m,n) + yg(l,m,n) denoting the
total density of segments at position (l,m,n) from a
chosen particle, and g(l,m,n) ) h(l,m,n) + 1 is the radial
distribution function. The equation of state can be
obtained from the inverse isothermal compressibility by
direct integration

This equation of state is the thermal compressibility
equation of state. It is fully determined by the total two-
segment distribution function G(l,m,n).22

Other possible routes to the equation of state are, e.g.,
the energy equation, the virial equation, and the wall
equation of state.22-30,60 If the calculated distribution
functions were exact, the equations of state obtained
from these different routes would be identical. However,
the approximate closures make the results depend on
the chosen route. Here we use the compressibility route
to the equation of state. It is known that the PRISM
equation does not yield the correct limiting low density
behavior, and this will have its consequence for the
integration to be conducted in eq 17.61 Off-lattice studies
pointed out that the compressibility equation of state
underestimates the compressibility factor whereas the
virial equation of state results in an overestimation.61

It was further shown that the wall equation of state
produced results which were believed to be nearest to
the true behavior.61 However, in a lattice study it was
shown that the wall equation of state was by no means
in good agreement with MC simulation data, and in this
case the compressibility equation of state was in better
agreement.61 Irrespective of which route to select, it is
generally accepted that the calculation of thermody-
namic properties, such as the equation of state with
integral equation theory, meets always with great
difficulties.

To calculate the pressure via eq 17, the intra- and
intermolecular correlation functions, ω̂intr(kl,km,kn) and
ĉ(kl,km,kn), must be calculated for each y′. The numerical
integration can altogether be prevented in some cases.
For atomic fluids, Baxter performed the integration
analytically employing the PY closure. If it is assumed
that the intramolecular distribution function is inde-
pendent of density, Baxter’s approach can be extended
to the PRISM theory. The compressibility equation of
state for chain molecules then is62

Although, eq 18 was initially derived using the PY
closure, it is applicable to athermal systems studied in
the MSA approximation since then the MSA and PY
closures are identical. Hence, numerical integration
according to eq 17 is only necessary for systems with a
nonzero nearest neighbor interaction potential when the
MSA closure is used.

In the PV plane of a one-component fluid three
regions, i.e. a stable, a metastable, and an unstable
region, can be defined. In the stable region, a fluid
always remains in the one phase, and in the unstable
region the fluid will always separate into two phases.
On the other hand, a metastable fluid is stable with
respect to small density fluctuations, but large fluctua-
tions, i.e. the formation of critical nuclei, will cause
phase separation. These three regions are separated by
two lines, i.e., the binodal and spinodal curves. The
liquid-gas binodal defines the coexistence between a
liquid and a vapor phase and delineates the stable and
metastable regions. At the spinodal curve, separating
the metastable and unstable regions, the compressibility
diverges, i.e. κT f ∞ which corresponds to the following
condition

It is known from the study of monatomic particles that
the PY closure is less suited for interacting sys-
tems.22,47,48 Therefore, in this case only the MSA closure
is discussed.

3. Monte Carlo Simulation
3.1. NpT Simulation. The NpT ensemble simulation

technique used here to obtain the equation of state data
for s ) 20, 30, and 60 athermal chains has been
described elsewhere.50 These simulations are operated
in the NpT ensemble. The self-avoiding lattice chains
are placed on a cubic lattice, and each site is occupied
at most once. A rectangular section of a cubic lattice
with a wall is used here with 50 sites in the l direction,
perpendicular to the wall, and 22 sites in the other two
directions. The solid wall is placed at l ) 1 position, and
200-500 chains are put in the rectangular section.
Periodic boundary conditions are used in the m and n
directions. A finite pressure is exerted by changing the
total volume. The necessary volume fluctuations are
created by building/destroying a solid piston scanning
site-by-site with respect to the solid wall. The configu-

κT ) - 1
V(∂V

∂p)T,N
) 1

y(∂y
∂p)T,V

(14)

κT

v*
)

âŜ(0)
y

)
âω̂intr(0,0,0)

y[1 - ω̂intr(0,0,0)yĉ(0,0,0)]
(15)

κT

v*â
) ∑

l,m,n
[G(l,m,n) -1] (16)

âPv* ) ∫0

y[ 1
ω̂intr(0,0,0)

- y′ĉ(0,0,0)] dy′ (17)

âPv* ) y
s

+ y2

2 [-2c(0,0,0) + 6c(1,0,0)( c(1,0,0)

1 - eâuattr
- 2)] +

( 1
2π)3∫-π

π ∫-π

π ∫-π

π
(yω̂intr(kl,km,kn)ĉ(kl,km,kn) +

ln(1 - yω̂intr(kl,km,kn)ĉ(kl,km,kn))) dkl dkm dkn (18)

1
ω̂intr(0,0,0)

- yĉ(0,0,0) ) 0 (19)
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ration space is sampled by moving the polymer mol-
ecules on the lattice with reptation moves. A volume
fluctuation move was applied every 200 reptations. Up
to 1.2 ×109 reptation moves were used, from which the
first (0.4-0.6) ×109 were used only for the equilibration
of each state. The particle distributions were only
obtained from the last 0.1 × 109 moves. Averages of gMC-
(l,m,n) and ωMC

intr(l,m,n) were collected every 5000 rep-
tations from a middle section of the polymer slab, at
least seven sites away from the solid wall and from the
jagged edge of the piston. The gMC(l,m,n) and
ωMC

intr(l,m,n) were only obtained for r2 ) l2 + m2 + n2 e
16. The single chain intramolecular distribution data
are obtained from the same simulation algorithm at
very low concentration of chains.

3.2. Liquid-Vapor Coexistence Curve. The MC
simulation data for the liquid-vapor binodal curve is
taken from recent papers of Yan et al.63,64 The phase-
equilibrium coexistence curve is extracted from a new
simulation algorithm, i.e., the configurational-bias-
vaporization method, which is designed for studying
phase equilibria for lattice polymers. A single simulation
cell is used in this method where all polymers are
introduced in the lower portion of the cell upon initia-
tion. Vaporization is then carried out by randomly
eliminating a chain followed by generating a new chain
through the configurational-bias method.42 The compo-
sitions of coexistence phases are determined directly.
The phase-equilibrium coexistence curves for polymer
systems with chain length up to 200 can be obtained
from this simulation.

4. Results and Discussions
In Figures 1-3 theoretical and simulation results for

the average intramolecular distribution function of 16-,
30-, and 60-mers are presented as a function of r2 ) l2

+ m2 + n2, the radial distance between two segments.
The symbols (b) are single chain MC simulation data
and theoretical intramolecular distribution functions
ωintr(l,m,n) are denoted by lines: the dashed line refers

to the freely jointed chain, and the solid line depicts the
excluded volume chain. To focus on the interesting part
of the intramolecular distribution the trivial self cor-
relation at the (0,0,0) position is not depicted, i.e. at the
origin ωintr(0,0,0) - 1 is shown, whereas for all other
positions, (l,m,n) * (0,0,0), the complete intramolecular
distribution ωintr(l,m,n) is presented. In agreement with
the simulation data the theoretical ωintr(l,m,n) is only
defined at lattice positions and the lines are merely a
convenient manner to distinguish the theoretical results
from the simulation data. The larger value for the
intramolecular distribution function at r2 ) 4 compared
to the value at r2 ) 3 is governed by the possible
molecular arrangements on the cubic lattice. The cubic
lattice also dictates that we find slightly different values
for, e.g., ωintr(2,2,1) and ωintr(3,0,0), although both posi-
tions represent the same radial distance. Therefore, the
value of ωintr(9) in Figures 1-3 is obtained as the
average involving the different lattice positions with the
same radial distance.

In Figure 1 it can be observed that at short radial
distances, e.g., r2 e 6, the ideal chain intramolecular
distribution function is larger than that of the excluded
volume chain (which was to be expected from the fact
that single chains behave as self-avoiding walks). In the
ideal chain, segments can fold back and several seg-
ments can occupy the same lattice site, making more
compact conformations possible. This leads to a large
residual correlation, i.e., ωid

intr(0,0,0) - 1 is nonzero and
inevitably results in too high ω values at short dis-
tances. Since the summation of the intramolecular
distribution function over all distances yields the total
number of segments in the chain, the overestimated
distribution at small distances must result in an un-
derestimation of the distribution at larger distances.
This is indeed observed in Figure 1. On the other hand,
the excluded volume chain offers quite accurate predic-
tions of the MC data. For the 16-mers the theoretical
line for the intramolecular distribution function from
the excluded volume chain passes through the MC data
for all presented distances except at r2 ) 4. Note also
that in agreement with the MC results ωintr(0,0,0) - 1
is identically zero.

In Figures 2 and 3 a comparison between MC simula-
tion data and theory is presented for longer chain
lengths; i.e., s ) 30 and s ) 60. Clearly, the predictions
of the freely jointed chain for the intramolecular dis-
tribution deteriorates with increasing chain length
(compare Figures 1-3). The predictions according to the
excluded volume chain remain reasonably good for these
chain lengths although also in this case the agreement
between theory and simulation data is found to dete-
riorate with increasing chain length.

In Figure 4 the intramolecular distribution functions
of 30-mers for two densities, y ) 0.00225 and y ) 0.6865

Figure 1. Intramolecular distribution function ωintr(r) for 16-
mers as a function of radial distance r2 between two seg-
ments: MC simulations (b). Full lines represent the ωintr(r)
from the excluded volume theory; dashed lines refer to the
freely jointed chain model.

Figure 2. Caption as in Figure 1, but for for 30-mers.

Figure 3. Caption as in Figure 1, but for 60-mers.
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obtained from NpT MC simulations, are shown. The
theoretical results for the ideal and excluded volume
single chain distribution functions are also depicted by
the dashed and solid lines, respectively. The theoretical
distribution functions provide lower and upper bounds
for the MC data. As already observed in Figures 1-3
the single chain intramolecular distribution function at
zero density is quite successfully predicted by the
excluded volume theory. When the density is increased,
the MC intramolecular distribution for distance r2 g 1
gradually shifts toward the ideal chain structure factor,
indicating that the screening between intra- and inter-
molecular interactions indeed leads to more ideal chain
behavior. However, the full ideal chain limit is never
reached. In particular, the correlations at short dis-
tances are much smaller for the MC data than in the
ideal chain ωintr function. Although with increasing
density the real chains tend to more ideal chain behav-
ior, they always experience the short range excluded
volume effects since two segments cannot occupy the
same lattice site, i.e. ωMC

intr(0,0,0) - 1 ) 0. From Figure
4 one might conclude that the excluded volume theory
offers a reasonable prediction of the actual intramo-
lecular distribution also at higher densities. In particu-
lar, if one is interested in properties involving short
distances, the predictions of the excluded volume theory
are better than those of the ideal chain model.

In Figure 5 the intermolecular correlations, calculated
from the PRISM theory in combination with ωid

intr

(dashed lines) and ωexcl
intr (solid lines) are compared to

MC simulation data for athermal chains (uattr ) 0) at 3
different densities, y ) 0.00455, 0.0788, and 0.5383.
Both theory and simulation show the well-known cor-
relation hole, inside of which the concentration of
monomers from other chains is reduced.65 The predicted
limiting zero-density intermolecular correlations are
extremely poor irrespective of the intramolecular dis-
tribution function used. Similar discrepancies at low
densities have already been found in off-lattice studies
of short chain fluids32 and small rigid molecules24,25 and
are related to the inexact limiting low density behavior
of the (P)RISM theory.33 Apparently, the use of a more
accurate intramolecular distribution function for these
low densities only results in a modest improvement.
Clearly, the incorrect low density behavior of the PRISM
theory is far more important. When the density is
increased, the simulation data and the theoretical
intermolecular correlations are in better agreement.
Surprisingly, at the highest density shown here, the
predictions using ωid

intr are in excellent agreement at all
distances. In line with the Flory ideality hypothesis, the
ideal chain intramolecular distribution function cap-
tures quite accurately the correlations at large dis-
tances. But also at the short distances the predictions
employing ωid

intr are quite accurate and have the correct
behavior at (l,m,n) ) 0 which is a result of the exact
closure condition g(0,0,0) ) 0. At high density, the
prediction of ωexcl

intr for the intermolecular correlations
are not as accurate as those of ωid

intr. The improvements
found for the intramolecular distribution are not re-
flected in the intermolecular correlations.

The compressibility equation of state can now be
obtained from the inter- and intramolecular correlations
by numerical integration, presented in eq 16, or directly
by eq 17. The latter equation only requires information
about the final density. In Figure 6 the compressibility
factor âPv*s/y is presented as a function of packing
fraction y for athermal chains (uattr ) 0) with chain
length s ) 20 and s ) 30. The solid circles and squares
denote the MC simulation data for 20-mers and 30-
mers, respectively. The dashed lines in Figure 6 are the
result obtained from the lattice-PRISM theory in com-
bination with ωid

intr, and solid lines are obtained from

Figure 4. Intramolecular distribution function for 30-mers
as a function of distance r2 for different densities: y ) 0.00225,
(b); y ) 0.6865, (9). Full line represents excluded volume
theory and dashed line for freely jointed chain.

Figure 5. Intermolecular correlation function g(r) as a function of distance r2 at s ) 30, uattr ) 0, and y ) 0.00455, 0.0788, and
0.5383: MC simulations (b). Full line represents the excluded volume theory, and the dashed line depicts the results for freely
jointed chains.
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ωexcl
intr. The freely jointed chain model results severely

underestimates the compressibility factor âPv*s/y at all
packing fractions. Moreover, at full packing, y ) 1, the
compressibility factor does not tend to infinity. From
eq 16, we can appreciate that both the inter- and
intramolecular correlations are important quantities for
the EoS. At full packing of the lattice (y ) 1) the total
density of segments, given by yG(l,m,n), equals unity
for all distances. Hence, the compressibility is equal to
zero and the compressibility factor tends to infinity at
y ) 1. However, the ideal chain model, allowing for
nonphysical intramolecular overlap of segments, leads
to a too high value of ω(l,m,n) at short distances.
Consequently, the total density of particles (intra- and
intermolecular) is larger than unity even at full packing
and the compressibility becomes nonzero. This then
results in a too small compressibility factor upon
integration according to eq 17 or 18. On the other hand,
the excluded volume theory, although approximate,
accounts for these intramolecular excluded volume
interactions and shows a largely improved limiting
behavior at y ) 1 for G(l,m,n). This clearly results in a
significantly improved agreement between theory and
simulation.

In Figure 7 the intermolecular correlations for inter-
acting 30-mers (âuattr ) -0.2 ) are presented. In these
calculations the PRISM equation combined with ωid

intr

(dashed lines) or ωexcl
intr (solid lines) is solved using the

MSA closure. It should be noted that the calculations
for the interacting chains carry a certain inconsistency.
The influence of the nearest neighbor interactions,
contained in the closure relations, is only incorporated
in the intermolecular correlations. For the intramolecu-
lar distribution function, the segmental interactions are

assumed to be athermal. This inconsistency is not
typical of the present discussion but is a consequence
of the a priori treatment of intramolecular interactions
independently of the intermolecular correlations. A self-
consistent calculation of inter- and intramolecular cor-
relations should provide an adequate remedy for this
inconsistency. Despite this inconsistency, the theoretical
variation with densities are quite similar to those
observed for athermal chains and at low densities the
PRISM predictions are particularly poor. However, also
significant differences for these interacting systems are
noticeable. At low and intermediate densities (parts a
and b) the intermolecular correlations derived from the
ideal chain model first reach a maximum at rather short
distances before decreasing to the larger distance limit-
ing behavior g(r f ∞) ) 1, in qualitative disagreement
with the MC simulation data. Although less pronounced,
the maximum is still present at the highest investigated
density (Figure 7c). Calculations with the excluded
volume intramolecular distribution function ωexcl

intr do
not show the maximum in these interacting systems and
the predictions using ωexcl

intr are much closer to the MC
data at all densities. One can also observe that at high
densities (compare Figures 7c and 5c) the intermolecular
correlations for interacting and athermal systems are
very similar. This is also correctly predicted by the
PRISM/ωexcl

intr theory.
The equation of state for the interacting chains is

depicted in Figure 8. The packing fraction is shown as
a function of pressure for three values of the reduced
interaction energy âuattr ) 0, -0.45, -0.5. Both in theory
and simulation the density increases with pressure and
reduced interaction energy. For the nonzero interaction
parameters investigated here the theoretical prediction
based on ωid

intr (--) results in unphysical packing frac-
tions larger than unity. Just as in the case of the
athermal chains, the un physically large densities are
related to the intramolecular segmental overlap still
present in the ideal chain model. In addition, however,
the intermolecular correlations, presented in Figure 7,
result in an extra densification of the system. The
theoretical prediction based on ωexcl

intr (s) leads to a
correct physical behavior although the predicted densi-
ties are too low for all investigated pressures and
nonzero interactions. For ωexcl

intr model the observed
change in density with interaction energy is somewhat
too small in comparison to the MC simulation data,
whereas for ωid

intr it is too large.

Figure 6. Compressibility factor as a function of packing
fraction at uattr ) 0. MC simulations: s ) 20 (b) and s ) 30
(9). Full lines represent the excluded volume theory, and the
dashed lines depict the results for freely jointed chains.

Figure 7. Caption as in Figure 5, but for uattr ) -0.2 and y ) 0.0043, 0.294, and 0.5681.
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Finally it can be observed that both the PRISM/ωexcl
intr

and PRISM/ωid
intr theoretical isotherms possess a van

der Waals loop for sufficiently large attractive energies
or low temperatures at low pressures. This is indicative
of the vapor-liquid coexistence in this temperature and
pressure region. The MC simulation data do not show
this van der Waals loop. Further, it is not possible to
locate the V-L coexistence gap with the NpT MC
simulation algorithm employed in this study.50 The
coexistence gap can be investigated employing other
simulation algorithms as demonstrated by Yan et al.63,64

The V-L binodal of a 16-mers obtained by Yan et al.
is depicted in Figure 9. Together with the MC binodal
data the liquid-vapor spinodal curves calculated ac-
cording to the PRISM theory in combination with ωid

intr

and ωexcl
intr are presented for 16-mers. The finite size

employed in the simulation makes it impossible to
investigate the binodal curve down to lower tempera-
ture. Nevertheless, it is clear that the binodal curve
tends to 0 K at y ) 0 and y ) 1. Spinodals and binodal
are plotted as reduced interaction potential âuattr vs
packing fraction. The spinodal curve obtained from
ωid

intr is located at too high temperature and extends to
packing fractions larger than unity. Again, the unphysi-
cal intramolecular overlaps of the ideal chain molecules
lead to densities larger than one. The combination
ωexcl

intr/PRISM produces an at least qualitatively correct
spinodal curve. The maximum of the spinodal curve is
known to be the critical state for a monodisperse lattice
fluid. The estimated critical density yc = 0.34 compares

favourably to the critical density yc = 0.295 estimated
from the MC simulations. However, the total spinodal
curve is shifted toward too low temperatures.

5. Conclusions

An intramolecular distribution function ωexcl
intr that

accounts for the segmental overlaps related to the
excluded volume of the flexible chain molecule has been
derived by applying to lattice fluids diagrammatic
techniques similar to those leading to the (P)RISM
theory for the intermolecular correlations. Using this
excluded volume intramolecular distribution function in
the lattice-PRISM theory the intermolecular correla-
tions for athermal and interacting chains have been
calculated and the thermodynamic properties of the
dense chain fluid have been studied. The theoretical
results of the combinations lattice-PRISM/ωexcl

intr and
lattice-PRISM/ωid

intr have been compared to MC simu-
lation data for the lattice model.

The intramolecular excluded volume theory compares
favourably to the MC data for the single chain. On the
other hand, the freely jointed chain model overestimates
the single chain intramolecular distribution function at
short distances and the quality of the predictions
deteriorates with increasing chain length. When the
density was increased, the MC intramolecular distribu-
tion function ωMC

intr moves toward the freely jointed
chain results, but even at the highest investigated
densities, they are actually never reached. In fact, visual
inspection of all results indicates that the new intramo-
lecular distribution function ωexcl

intr in eq 13 yields a
better prediction, especially at smaller distances, even
at the highest investigated density.

By employment of the intramolecular distribution
functions ωexcl

intr and ωid
intr the intermolecular correlations

for athermal and interacting chains at several densities
have been calculated according to the lattice-PRISM
theory. Intimately related to the inexact limiting be-
havior at low density of the PRISM theory, the predicted
zero and low density intermolecular correlations are
particularly poor. For athermal chains, the freely jointed
chain model produces quite excellent predictions of the
intermolecular correlation functions at higher density
which is likely due to some effective cancellation of
errors in theories used to produce the inter- and
intramolecular correlations. For interacting chains the
excluded volume theory produces better predictions for
the intermolecular correlation functions for all investi-
gated densities.

The compressibility factor of the athermal lattice fluid
is underestimated by the freely jointed chain model and
qualitatively incorrect and unphysical results are ob-
tained due to the total neglect of intramolecular ex-
cluded volume. On the other hand, the combination
lattice-PRISM/ωexcl

intr provides, at least, a qualitatively
correct description of the equation of state properties
when compared to the MC data. From off-lattice studies
it has been found that the compressibility route to the
equation of state is not the most accurate. For instance,
Yethiraj et al. found some indications that the wall
equation of state was closer to experimental data than,
e.g., the compressibility and free energy “charging”
routes.61 However, irrespective of the relative success
of the wall equation of state, the results are far from
quantitative. Furthermore, previous lattice investiga-
tions have shown that the the wall equation of state is

Figure 8. Density as a function of pressure for 30-mers and
different interactions: uattr ) 0 (2), -0.45 (O), and -0.5 (b).
Full lines represent the ωexcl

intr with MSA; dashed lines repre-
sent the ωid

intr with MSA.

Figure 9. Liquid-vapor spinodal curves for 16-mers. Full
lines represent the excluded volume theory; dashed lines
represent the freely jointed chain model: (b) MC simulation
for binodal curve.
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not really preferable above, e.g., the compressibility
equation of state.66

The liquid-vapor spinodal curve calculated for the
freely jointed chain model is located at lower tempera-
tures compared to the vapor-liquid coexistence curve
obtained from MC simulations. Moreover, the spinodal
curve extends to packing fractions larger than unity.
The excluded volume theory offers a qualitatively cor-
rect spinodal curve. The maximum of the spinodal curve
is known to be the critical state for a monodisperse
lattice fluid. The estimated critical density yc ) 0.34
compares favourably to the critical density yc ) 0.295
estimated from the MC simulation results. However, the
spinodal curve is shifted toward too high temperatures.

The single chain intramolecular distribution function
ωexcl

intr can also be used in a study of polymer mixtures.
In this case also the liquid-liquid miscibility behavior
becomes of interest. This will be the subject of a future
research.
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Appendix A. The tij’s Calculated from Cluster
Expansion

Curro, Blatz, and Pings have derived an approxima-
tion for the end point distribution function of an
athermal chain in continuous space.49 Here, we use this
distribution function to calculate the intramolecular
distribution function of an athermal chain on a cubic
lattice. For an athermal chain the interaction potential
of covalently and noncovalently bonded segments are
given by eqs 2 and 3 with uattr ) 0. The total potential
energy ε can be written as the sum of pair potentials
between covalent bonds (wii+1) and noncovalent bonds
(uij)

The end point (1 - s) distribution function on the cubic
lattice is given by

Making use of eqs 2 and 3, the distribution function of
an athermal polymer chain can be written as

with hij ) 1 - exp(-âuij). The Z1s(r1s) can be presented
as a graph expansion with an expansion parameter λ.
After manipulation the following expression is
obtained:49

There are two types of graphs in Z1s(r1s;λ), i.e., nodal
N1s(r1s;λ) and elementary graphs E1s(r1s;λ), such that

where νi(r1s) is the sum of nodal graphs with i loops in
a chain of s subsystems and εi(r1s) is the sum of
elementary graphs with i loops in a chain of s sub-
systems. In the theory of fluids an integral relation
exists between the nodal and elementary graphs given
by the well-known Ornstein-Zernike equation. Simi-
larly, for the single chain excluded volume problem a (s
- 1)th-order integro-differential equation exists

As in the integral equation theory of simple fluids, given
another (approximate) relation between N1s and E1s, eq
A6 can be solved and the distribution function Z1s can
be obtained. An approximation analogous to the Per-
cus-Yevick approximation is invoked:

Combining eqs A4, A5, and A7 and putting λ ) -1, the
following equation results

where H1s ) 1 - h1s.

Substitution of eqs A8 and A5 into eq A6 leads to

ε ) ∑
i)1

s-1

wii+1 + ∑
i)1

s-2

∑
j)i+2

s

uij (A1)

Z1s ) ∑
l2...s-1

∑
m2...s-1

∑
n2...s-1

exp(-ε

kT) (A2)

Z1s(r1s) ) ∑
l2,m2,n2

... ∑
ls-1,ms-1,ns-1

∏
i)1

s-1

δ(rii+1 - 1) ×

∏
i)1

s-2

∏
j)i+2

s

(1 - hij) (A3)

Z1s(r1s;λ) ) (1 + λh1s) ∑
i)0

s-3/2

êi(r1s)λ
i (A4)

Z1s(r1s;λ) ) N1s(r1s;λ) + E1s(r1s;λ) (A5a)

N1s(r1s;λ) ) ∑
i)0

(s-1)/2

νi(r1s)λ
i (A5b)

E1s(r1s;λ) ) ∑
i)1

(s-1)/2

εi(r1s)λ
i (A5c)

N1s(r1s;λ) ) ∑
ls-1,ms-1,ns-1

E1s-1(r1s-1;λ)δ(rs-1s - 1) +

∑
l2,m2,n2

Z2s(r2s;λ)δ(r12 - 1) + ∑
ii,mi,ni

∑
i)3

s-2

E1i(r1i;λ)Zis(ris;λ)

(A6)

εi(r1s) = h1sêi-1(r1s), i g 1

ε0(r1s) ) ê0(r1s), s ) 2 (A7)

ε0(r1s) ) 0, s g 3

E1s(r1s;λ) ) -
h1s

H1s
Z1s(r1s;λ) (A8)

Z1s(r1s) ) H1s[ ∑
l2,m2,n2

δ(r12 - 1)Z2s(r2s) -

∑
ls-1,ms-1,ns-1

h1s-1

H1s-1

Z1s-1(r1s-1)δ(rs-1s - 1) -

∑
i)3

s-2

∑
li,mi,ni

h1i

H1i

Z1i(r1i)Zis(ris)] (A9)
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Equation A9 can be rearranged to

with

Equation A10 is conveniently solved in Fourier space.
For a homogeneous system, the lattice Fourier trans-
form and its inverse are defined as

Taking the Fourier transform of eq A10, an algebraic
recurrent equation is obtained.

where φ ) cos(kl) + cos(km) + cos(kn).
Successive applications of eqs A13 and A11 lead to

the following results.

Because the functions tij(l,m,n) depend only on the
difference in index of segments i and j, the tij(l,m,n) can
be written as tl(l+i-j)(l,m,n). For nearest neighbor seg-
ments l and l + 1, the function tll+1(rll+1) and the Fourier
transform are given by

For next nearest neighbors l and l + 2 we find

For two segments l and l + 3 separated by three bonds
the results are

For two segments separated by four bonds the t-function
are

For two segments separated by five bonds we obtain
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t1s(r1s) ) ∑
l2,m2,n2

δ(r12 - 1)t2s(r2s)H2s(r2s) -

∑
ls-1,ms-1,ns-1

h1s-1(r1s-1)t1s-1(r1s-1)δ(rs-1s - 1) -

∑
i)3

s-2

∑
li,mi,ni

h1it1i(r1i)Histis(ris) (A10)

tij(rij) ) exp(uij

kT)Zij(rij) )
Zij(rij)

Hij
(A11)

f̂(kl,km,kn) ) ∑
l,m,n

f(l,m,n) cos(lkl) cos(mkm) cos(nkn)

(A12a)

f(l,m,n) ) ( 1
2π)3∫-π

π ∫-π

π ∫-π

π
f(kl,km,kn) cos(lkl) ×

cos(mkm) cos(nkn) dkl dkm dkn (A12b)

t̂ij(kl,km,kn) ) 2φ[t̂ij-1(kl,km,kn) - ti+1j(0,0,0) -

tij-1(0,0,0)] - ∑
k)3

s-2

t1k(0,0,0)[t̂ks(kl,km,kn) -

tks(0,0,0)] (A13)

Z12(r12) ) exp(-âw12(r12)) ) δ(r12 - 1) (A14)

tll+1 ) t12(r12) ) Z12/H12 ) δ(r12 - 1) (A15)

t̂ll+1(kl,km,kn) ) 2[cos(kl) + cos(km) + cos(kn)] ) 2φ

(A16)

t̂ll+1(0) ) 6 (A17)

tll+1(0) ) 1
(2π)3∫-π

π ∫-π

π ∫-π

π
2φ dkl dkm dkn ) 0 (A18)

t̂ll+2(kl,km,kn) ) t̂13(kl,km,kn) ) 2φ[t̂23 - t23(0) -
t12(0)] ) 2φ[t̂(kl,km,kn) - 2t1(0)] ) 2φ[2φ - 0 - 0] )

(2φ)2 (A19)

t̂ll+2(0) ) t̂13(0) ) 36 (A20)

tll+2(0) ) t13(0) ) 6 (A21)

t̂ll+3(kl,km,kn) ) t̂14(kl,km,kn) ) 2φ[t̂24(kl,km,kn) -

t24(0) - t13(0)] ) (2φ)3 - 24φ (A22)

t̂ll+3(0) ) t̂14(0) ) 72 (A23)

tll+3(0) ) t14(0) ) 0 (A24)

t̂ll+4(kl,km,kn) ) t̂15(kl,km,kn) ) 2φ[t̂25(kl,km,kn) -

t25(0) - t14(0)] - t13(0)[t̂35(kl,km,kn) - t35] ) (2φ)4 -

18(2φ)2 + 36 (A25)

t̂ll+4(0) ) t̂15(0) ) 684 (A26)

tll+4(0) ) t15(0) ) 18 (A27)

t̂ll+5(kl,km,kn) ) t̂16(kl,km,kn) ) 2φ[t̂4(kl,km,kn) -

2t4(0)] - ∑
i)3

4

t1i(0)[t̂i6(kl,km,kn) - ti6(0)] ) (2φ)5 -

24(2φ)3 + 72(2φ) (A28)

t̂ll+5(0) ) t̂16(0) ) 3024 (A29)

tll+5(0) ) t16(0) ) 0 (A30)
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